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In this paper the flow of a viscous heat-conducting gas about a circular
cone without angle of attack at high supersonic speeds is studied. The
whole disturbed region of flow is divided into two sub-regions separated
by a distinct boundary [ 1,2 ]: a viscous region in which the flow is con-
sidered to be laminar and is described by the boundary layer equations,
and a non-viscous region in which the flow is described by the equations
of an ideal gas.

Only the case of weak interaction is investigated, i.e. the region of
flow considered is sufficiently far removed from the nose of the cone,
For this the quantity ¢ = 8/BL is considered to be small, where L is the
distance of this region from the nose along the axis of a cone of half-
opening angle 00. 8 is the thickness of the boundary layer at this point
and 3, = tan 6,, and the problem is solved by the method of small per-
turbations (in a construction similar to earlier solutions of the problem
of a plate [3,4 ] and a wedge [5 ]). Terms of order (2 and higher are not
taken into consideration.

The solution of the equations of an infinitely thin boundary layer on
a cone — this problem reduces to the problem of a plate [6 ] — and the
tabulated conical flow of an ideal gas [ 7] represent the fundamental
solution. The surface of the cone is assumed to be isothermal or heat-
insulated.

We shall employ two systems of coordinates with origin at the apex of
the cone: the cylindrical coordinates xy, T, ¢ for the non-viscous region
and the conical coordinates z, y, ¢ for the viscous. Here xy is measured
along the axis of the cone, x along the generator; r is the distance from
a point to the axis, y to the surface of the cone. We shall designate by
u, u 1) and v, v 1) the projections of the velocity on the axes zy. 0 x and
r, y respectively. The indices o, 8, w and k will refer respectively to
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quantities of the oncoming flow, to the edge of the boundary layer, to
the surface of the cone and to dimensional quantities at the surface of
the cone in the case of flow of an ideal gas about it.

1. Non-viscous region. The flow about a circular cone is described
in the variables (xl, B = r/x;) by the system

ay?vg I Po

v ul = - E ) B 2 a ?= _>

¢ B lao® (1 -~ B — (Buo — v0)? \ o x Po
p ___p _ Buwe—vo ’ ’ ,

Here primes indicate derivatives with respect to f3; density, velo-
cities, pressure and distances are referred respectively top_, U_

p. U2 and L.

For 8= 8, = tan 6 we have

’ u !
Vo = Bollo, Ty = — T—FO'B? , P =p/ =0
V" =u, cosfy + v’ sinf, = 0 (1.2

In the neighborhood of 8 = B, for a thin cone integration of the first
equation of (1.1) taking (1.2) into account gives v, = u BZ/B This
formula gives good agreement with the exact solution up to the compression
shock (with an accuracy of about 5 per cent for M_ 3, = 1 and exact agree-
ment for larger values of M_ ;). At the compression shock the quantities
vy, Pys Py and u, are related to the angle 6* of inclination of the shock
to the axis of the cone through the usual relations.

To determine quantities of first order of smallness we consider the
cone to be sufficiently thin and we employ the system of equations
simplified on the bases of the law of plane sections [8].

dv 19 "
—n gt (=G =5 np g — g %5+ 2680 _ g

9B
/1 dp x dp
h (P 0z, p 3-731) (v ﬁ)

(ﬁ)=o (1.3)

The value of u is determined from the Bernoulli equation. We seek a
solution of (1.3) in the form

i
o
p 9B

vzvo—}—ev—';l—i—O(e?), P =pPo

V p= p0+ev—+0(82)

T=T0+S

V$1+0( 2)
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The functions vl(B), pl(ﬁ) and pl(B) satisfy the system

3 -7 :l...__ ’ — _i,.. r___I_’O_'E_l_

B—vo)zy (2 Py )7)1 = e 141 po po
(poPv1 + voPps) “‘B( o+ pPl) (1.4
i Py ; IS P}
?“(EE po) (B —20){ po) =0

In these equations we take the solution of equations (1.1) for vy, p,
ete.

Correspondingly, the velocity field in the boundary layer can be re-
presented in the form

. ) g o (Bo) ,
AV IES HOU) + eulm + .. P AL 8?/{)(1) + “e (uo‘ii}—y m wt oy ?15)
From the condition of continuity of velocity at y = yg we have

Bty (Bo) -I- 2wy sin By 4 ey (ys) cos By =
51 (’BO)
Va

1

FOE),  w e~ (1.5)

= v (Bo) 1 ?‘ii v + e

As is well-known [6 ]
o (ye) =

“/3%——%) (Up: —L_o:«)

€0s 6

where v_ is the dimensionless normal component of the velocity at the
edge of the boundary layer on a plate. Hence
o (Bo) =V (1 + 0+ BV, (1.6)

Let the equations of the form of the shock and of the angle of its 1in-
clination be

¥ i 1% ] 6
r=8uaberi ., 62&ﬁ—;;+
1
ry= 2611/3:1, ?.* — t,g 0* =~ 6*

Then, after linearizing the relations at the shock, we obtain for
B=B"
40

p(f) = [T—T—T — 2py’ (ﬁ*)] 0y
sz[m(l +M128*2) 2y ([3)]

4 . sn 19 (1.7)
Pr= [Z—Q—(xm‘;)Mmze*z“QHPo #9 }6—;‘
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Equations (1.4) do not change form with the substitution of p /0
p1/6 and v /0 for Py P and vy in this sense 0 vanishes 1n }l 7) and
the problem reduces to a éauchy problem with given values at the point
B = B*. The quantity 6, is determined from (1.6).

The last equation of (1.4) has an integral, which for v, = uOBOZAB
and taking (1.7) into account assumes the form:

B2 —s
N

dot (e — 1) (M 20%2 — 1) (B*%/Bo* — 1)« 6,
(@M% — w4 1) 2 F (x — 1) M %077 0%

(1.8)

k:

Taking (1.8) into account the system (1.4) reduces to a system of two
equations:

(E‘) o ( + 22, > — ol (B—w,) X

\Po Vo2 voa02

1 w—1 §2) vo' B
< (m—2 0 ) B 22 5w 0 (f)

(1.9)

Ya 2)0, + 2;2:,?1132 (B - vO) (%— + 22}0,)] o1t
1 voﬁ

o — 2 w0 (=2 00 ) |2 2 (B (B)

The temperature in the stream is determined from the equation of state

and formula (1.8):

/ y T —1 T 1
[12711+T12, Tlo1 Kx %; 12 = (3) (1-10)

Equations (1.9) do not have singular points, therefore p, and T, are
bounded; while, on the contrary, T,, » «~ as 8+ 8,. The quantltles
T,/ vz, and T,,/ V%, represent, respectively, potential and vortical
(constant along stream-lines) elements.

The unbounded growth of T,, is evidence of the invalidity of applying
the method of small perturbations for 8 = f3,. However, one can not be
concerned with the behavior of the solution in a region which in reality
is occupied by the boundary layer. For at the edge of the boundary layer
the value of 732 will be of normal order because of the small negative
power in the expression for w. From the Bernoulli equation and (1.10) it
follows that

1,V = u, cos By 4 vy 8in Oy = uy ;O 4y, 0

where
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(1.11)
1 pi(Bo)  (B:) ui'Pr
(1) — - () — _ M2 — _ kTk
tu *M2Y 21 po(Bo)’ iz x (x— M2V 2, %p, cos? By

According to the similarity law for the flow about thin bodies [ 9]
fgi‘ M0, ~ 1 the quantities po/()oz, v,/0, and p, depend only on the vari-
able

t=(E—Bu/@*—Bo
and the parameter ¥ 0. Let
P = (pi/p) (9/0), W =rw/b)
Then equations (1.9) take the form
P A, ()W - By() P+ Cy (1)
W' — Ay () W - B, (1) P + C, (2)

The coefficients A(t), B(t), C(t) and the quantities P(1), W(1), ky
k6, /9 and t* =8*/8, will depend only on the parameter M 0,-

(1.12)

Consequently, the solution of the system (1.12) also depends only on
M_6
o0 0°

4 //
77
/
7 A
M-z eyl A
Z7§é¢”’” =
Z:aPrd
£
/
¢
7 025 45 1% /
Fig. 1

The functions P(t) and W(t) for various values of M are given in Fig. 1;
the quantity t* is given in Fig. 2. From (1.6) for 8=, it follows that

p_YVe P v
e—‘ = b, = V_?’ (1.13)
2. Viscous region: bas1c equations. The system of equations of

a boundary layer of non-zero thickness on a cone has the form[2]



Flow of a viscous heat-conducting gas about a cone

1449
au'V ou'V) d 19 du(V
® (1 —— 22
pu +pv dx+ r6y<rp dy )
dp | 1 9 _w 8i) [ 0u'") )2
(1) (1) VLA (% L
pu +pv e T rc’iy(rc y) T H gy
9 (outv 9 (opt) -y si
57 (u'r) + £y {pvVry = 0, r =z cos 8; 4 y sinf, (2.1)

Here i, p and 0 =

const are the enthalpy, viscosity and Prandtl number*,
respectively. Modifying the well-known Crocco transformation, we shall

rzep%ace the variables (x, y) by (£ = 2%/3, 2{1)) and the unknown function
1
u .

by r = {u/x){(du/dy). Introducing the stream function ¥ we obtain
from the first and last equations of (2.1)

1 ¥

- a 1 8%  ppul® .
=R+ By (LK), 5o =l 4 k)

(2.2)

Here K y/60x~ €. In what follows we shall everywhere replace the
dimensional quantities u'l’, p, i, p, p, r, x, y without changing their
designations by the corresponding dimensionless quantities
u'? cos By p

’ 7 o

tcost®y LVR z
uy T T UM

L
Pkuk2 ¥ L 1 L ?
We shall make the transformation of variables (£, MEIHIN £, n =
(1)/113(1 ) and we shall introduce the designations

F (l p) p, pk —6}‘-: /fs € 0 Ug Usg

Pl
T py cosf

(For air over a wide range of temperatures d F /i << 1, and this will

be exploited below.) Then after eliminating ¥ from (2.2) and after the
usual transformation we obtain the system

-
13

U5 8 [u(l+eKy) ds 8 1+ ek,
=t [ et g (PR

61)2 [(1 + eKo) 1] + mus® F33 (1 ek F) (2.3)

@ G (I oK G b ) MPouste? — omustF g

For gases 0 = 0{(i, p) is a slowly varying function and the influence
of the variation of ¢ on the solution can be studied by the method
of [10],
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d
= xsz.us[(x——1)]l//2~rus +- Jd2§0—~
o 45 dug di 1 2 9K, 00
— orus dE o —e( G)l-i—sKoav; n

The first equation of (2.1) and the temperature conditions give for
n =0

d ugit d p . i .
Fn [r(1—i—sK0)]=;;4—2(1+eK0)Eép—o, i=ip wm 5 =0 (24

According to (1.2) one should set

p/ps =1 -+ ep1(3y) /VEPO (Bo)
in (2.3) and (2.4).

3. Viscous region: solution of the equations. We shall seek
a solution of the system (2.3) in the form

T=1 +eT+ ... L=1 48+ ... 3.1
Llet 7 - 0, i, - 1 as 5 » 1. Then, setting
T, =g )V L,=1.(n)

and rejecting quantities of order ¢ in (2.3), we have for g {3) and i (y)

g8 = —7F (i, p), € O0)=gN)=0), i=1+c(x—1)MJ, +el,

*

H e . P
Jo=\ gt Vaomedndn, Ty —\gomdn, e oo
n 0 K
i =1+ o (x— 1) M2], (0) (3.2)

The solution of this system for an arbitrary form of F 1is considered
in references 10 and 11.

We shall consider the conditions for 7, and i, at the outer edge.
Transition from the {7 -plane to the physical plane, i.e. to the xy-plane,
is effected for ¢ #£ 0 and for ¢ = 0, respectively, by the formulas

n
ug [ (I* 2
e VB

0

To some fixed point (x, y) there corresponds a value of n(x, y)
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u® e, @
1 “{” €u]§ -

= u, 0 + ¢ (1,0 — 2, Wu5) (3.4)

n{(z, y) =1 (!!/Va +em(x, y) =

The function no(y/\/x) is determined from the second formula of (3.3),
and 7, from the condition of equality of the right-hand sides of both
formulas. At this same point the functions r and i are equal to r*(;qo)
and i_(y,) for e = 0 and to

0% . . . .
s () be(m G n) ., i=i) el i) (35)

in the general case. Near the edge we have auo(l)/66- €, 0T, /IR ~€B
for the behavior from within [ see (1.2 ] and

du /oy ~ g, ~ 0, 0, [0y ~ g° =~

for the behavior from without. Consequently, the boundary conditions do
not change upon transferring them from the true edge of the boundary layer
to the ys-edge at ¢ = 0, determined according to (3.3), and

ups = Uy M - uy,0, l=1i +el/T Vg at ¥=1s
Because [ 10 ]
W =1+4g/e'=~1 at n=1

the boundary conditions for 7,
must conform to the requirement

and i, in accordance with {3.4) and (3.5)

=0, i+ i, =TT Vz atn= Ny =~ 1 (3.6)

moreover, we will require (and, consequently, determine yg) that these
conditions be satisfied at ng5 = 0.98 + 0.999.

Substituting (3.1) into (2.3) and setting the sum of the terms of
order ¢ equal to zero, we obtain a system of linear partial differential
equations for r, and il' which can be separated into three independent
groups setting

1

Tye= g b Tie b Taee =l b lg b s = M e o s

Here 7 ., i,, and Tyg1 iy, are stipulated, respectively, by the poten-
tial and vortical components of the non-viscous flow, and P i3 by the

presence of the quantity K, in the equations. In accordance with (1.10)
and (3.3) we have for 8 = f35
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Ty k k 2y5) el 17 fe (—) V 2 \ e ha—"agl
2 — TR = At hs = R (13
' ® (u(“l‘;,) ¥ (:1:5 € % \3p 3R 8 ( ' )

Because ya/ﬁ %~ ¢, the quantity eTlZ/TO\/x 1s formally of the order
of smallness 539“ at ¥y = y5, 1.e. its order is lower than that of

eTll/TO vx. However, this difference is immaterial, since eVl 1 for
values of ¢ of practical interest. Noting that
aVe — 3 EYe - Y Rr)—%
‘ 2 EAO E‘ox Bo ( )
we will seek solutions in the form
3 , 3= g : ‘ 1\ g2
B3 ='_"T 21 (), I1p = O T X /1 (n) — (x— 1) M? (1 —20J,)]

»M* V 25 py »M*p,

31"5 RE—Y 301/—]? 1, - —
Tyo = = — = o (), Ty = ——2—— o (¥
& y.(y._i)M2Vzr< 21/2 ) e vy o0

"y 2
O k3

ek (g VEVR )
lyp = " ( % ) [72 () — 2ahg—"4J ] 3.7)
. 1’ 1
L :’,_ EE— «pj
), Ty = —————— 1,1 (7,
Ia () 1 Mipy ()
s (B V) o etyn
=— |2 T (1), i = g VIR 7,5(7)

Thus, the problem reduces to the solution of three systems of the form:

om” — xm"ngw = @m, S fm” (1 —2s)ge S SN F [ = q‘m (3.8)

/ 2 1 1
15 a. _ _ L SRR - S
(n/ =1, 2, 3: a3 = oy = 5o Jem o iy =3s=5, Be= 4>

¢ = (?F—-—xﬂu \'/IO — .‘ e’ [<;_>/ 7 ( )

17 /e 1 9 4 o
P = b Bme, — - wPg) ). Fs=—a (he) —

s

(1 8 () ¢ ot e,

+ g —= )M —F)y+ ;s —fF) Q]

Y2 = ]__—: 2 (82 ’ 1 2 —1 S .3 AR Y
4»2—~w___,1)M2g$z*(g—*’)+2_”m8 —m/‘fﬁ'hﬁ-

b =—(—o)e2 (h+ f,—“)
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Here and in what follows*

F=F(, pr), 1=/, pr) w=u(,, pr
From (3.7) and (3.3) it follows that

n

Tom =;($ P §um—(x—1>M2 (U —ol Edy— (& dn) 3.9)
0 o 0

Taking (3.7) into account the conditions (3.6) and (2.4) take the form:

]’1 _ 25 (X —_— 1.) M2|]1 + n*li*’ = O, ]’2 _ 20”?,5—1/4.]1 + ﬁ*zi*l = 128_’/
(3.10}
Ja+ M8t =0, Nym =0 TpH =g

g*gll — ;_l“,“: 5’2’ = 0; g3, =—K (3.11)
it =1 M? = 25 (x— 1) M?],, J2 = 20hs—'J,

Jg=0 mmm [, =0 nupmn=0

Let g, * and j * be solutions of equations (3.8) for ¢, = ¢y =0, which
satisfy the conditions g,*(0) = j *(0) = 1 and g, *"(0) = j *'?0)
Then the general solution of equations (3.8) has "the form (A B, and C,
are constants):

[ 1 (ngm e
gm = — gm ngoz S drdn— gm' (0) gm™ + Amgm" (3.12)
n
J=Jm Hm (1) + ConJm™ + B jm’ (3.13)

¢ d'l] G L . tl g°_1 ¢ o1 (‘Pmlm
Em = Em ng‘z ’ Jm = ]m g ;mtz‘d”l, Hy, (71) = S [ S g o1 d”ld’ft
n n 0 0

* ¥ * %k

Here - are solutions, which are linearly independent of
*

g, and j_*, of the same homogeneous equations. It is easy to verify that
as 77 » 1 the solutions of the first and second homogeneous equations of
(3.8) have the form

const (— g.")*m, const g, (— g,")—t+em)

and j

const (—g,)~Pm,  const g,°(—g,)Pm—1

* Without the restriction that dF/di << 1 the right-hand side of ¢,
would contain terms of the form f (JF/di) and the solution of the
system (3.8) would be considerably complicated.
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From the structure of the equation it follows that g,  1s an increas-
ing function and, consequently, has the form: const (-g_")%n for n = 1.
Both of the solutions j * and j ** decrease as n > 0, but as shown below
in the appendix j * - const (-g ")7Pm exactly. For n = 1 and 0 € 2 the
following is valid*:

w=14p"(i,—1), o =const(l—os)g°+ constg,

o [}
i,—1 = const (i",) , g1~ 4,5, + const <gg',2 ) -+ const g,

4 =2 const Ayg,71 (— g,')* + const (— g*=/g,) + const (— g.%/g.)

The lntegral H converges for ¢ > 1/2 and diverges for o < 1/2.
Putting B, = B, + B,,, where B = - H(1) for ¢ 3 1/2 and B, = 0 for
o< 1/2, we have for n ~ 1

J1 = const A,;%g,°~t 4 const g2 1 [g "3 (c — 1) (26 — 1)}~ +
+ const g,°(—g," )7 + Bigjy” (3.14)

For 0 < 1 these formulas are valid for those values of n for which
(1- o)g ‘2Xx 1, (20 —l)g ’2 X 1. We obtain the asymptotic form for j .l
at 0 = loro= 1/2 by formally setting (1 - o)g, 2_-1or (20~ l)g ‘3= 1,
respectively, in (3.14). From (3.9) one can obtain

N, = const A; (—g, )" - const g °[g,"? (6 — 1)] 1 + const g g,".

The function (-g/ )=1/3 decreases very slowly ((—g JY2 = 0.69 for

= 0.999 if F = 1). Therefore, from the condition that 7,, = 0 it follows
that A, = 0. For n = 1 a reasonable relation, which we advance without
proof, 1is

Jm "Hm + mm i, = const jn" + 0(g,°g,") (3-15)

This relation gives the possibility of determining Bm from the condi-
tions (3.10) for any value of 0. If o > 1/2, then gy ety Oand j =~ 0 as
n » 1; consequently** B, = ~ H, (1).

The correctness of the asymptotic evaluations cited below can be de-
monstrated by successive application of the L'Hopital rule and the
Cauchy mean value theorem.

** For m = 1 the equations (3.8) are identical with the equations of[ 10 ],
where a, = 2¥ + 1, Bl = — 2M, and ¥ is real. In{10] the condition
Jpp= 0 for n = 1 is used. This condition is valid as stated only for
o > 1/2, and for erester rigor (3.10) would be used.
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For m = 2 the solution of equation (3.8) has the form:
82 = — g g, + As8s"

which when taken into account gives for 7 = 1

Ty by 2 Asgg, & = a(—g)", (hs=—g, (ms)+ho hy=const)

Setting 77*2(7’8) = 0 and consequently j,(n5) = h3'1/u, we will have
3ty gyl L [T8 () ) _mt
A, = n (R"8.82 Yoy =~ a [ hy ] , By= 7 () H,(ng) (3.16)

Within the limits ng = 0.98 — 0.999 the value of A, does not change
materially; however, because hy >> — g _“(n5) for ¥ >> 1, it is important
to distinguish it from its limiting value as 55 » 1 which 1s equal to
— 1/a,. Although H, has the singularity of form [g1/(1 - U)g*'-z] as
n » 1, the value of B, also varies little for ng = 0.98 — 0.999. Accord-
ing to (3.15) the value of B, is, as a matter of fact, finite at 55 - 1,
which is different from the value chosen by us in (3.16).

For m = 3 formula (3.12) transforms to
s = —g.h-- Hy(m) + Aggy’
where H,(p) designates the first integral of the right-hand side of (3.12),
in which — 4/3 ¢ hFg 1s substituted for the function ¢ . For n = 1

gs = dsg" +0(g,8,"), Js=-const Ayj g™ - Hy (1) j," 4 O (g,°/g,%) 4 Bsj,”*

1,3 = const Ay (— g’ )" 4+ 0(g,8,)

From (3.10) it follows that A; = 0 and By = - HB(l)' We note that
Ji = 0 for o = 1. The constants C, are chosen from the conditions at n=0
and are equal to zero for j “(0) = 0.

It should be noted that for m= 1 or m = 3, just as in the fundamental
approximation, the requirement of continuity of the velocity and tempera-
ture fields at the transition from the viscous to the non-viscous region
reduces essentially to the boundary conditions of the asymptotic boundary
layer. In the case of m = 2, the scheme of a boundary layer asymptotic in
the classical sense does not provide a practical coincidence of the para-
meters of the viscous and non-viscous solution at the rationally chosen
limit of the division between them, because the trend of the functions to
their maximum values at = 1 is so slow (g2~u~(g*')_1/u, n*zn-(—g*')—S/u
asn » 1 if A2 = — l/ao) that these values can formally be attained at
values of y far removed from the edge of the, boundary layer.

In conclusion we will derive a formula for V. From the first and last
equations of (1.1) for a plate (dp/dx)= 0, r » =) there follows in
dimensional quantities
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o¥
oz

du
w 0z

a¥
,,Bu

oY

Oz

81: oY

— v ppu P du
w  du’' Ou

T T ,-—P-jy-

pz]_—:—.

Substituting here du/dx = — (dy/dx)/(dy/du) and transforming to di-
mensionless quantities we obtain

1
g ' +pnh g +h Ry p—aF ]/3
(?;:——1——, Vp = *_:—‘—:, h,= S d V —_—h -5
v VZzR P V2R V2R I T Yo=Y 3R

4. Analysis of results. To obtain more general, though also less
exact, formulas for numerical calculations it was assumed that F = FO =
const, p = Foi. In this case [10]

9.=V Fogo. hy=V Follg+ o (x — 1) ML, + ely], b = — V Fgy'+ hy=V Foh,

&= VFo[(0.-4M* —1.8) g + guy + (x — 1) M3g1s + egus]-

go=— Fi*h" [")go ‘1‘ (‘ gol)g‘gz‘] » 83= Folga+ (x— 1) M?gs, + €gas]
Ji= (e—1) M¥y; -+ ("— DM 1o+ (x — 1) M2ej 15 + €*1a+ €15 + Cifa™ (4:1)

Jo= (Fohs)™" []‘21 =+ (T:Wj” + Cyjfs’ ]

Js= VFO (1) MPfga+ (0 — 1)2MP 50+ € (n — 1) M?j 33+ €%30+ €35+ C3/1 ™)

The function go(r]) satisfies equation (3.2) for F = 1. All of the
functions entering in the right-hand sides of (4.1) depend only on o.
For 0 = 0.725 the values of some of these functions for = 0 are listed
in Table 1.

TABLE 1.
m | Emt | Em2 | Bm3 l imt t im2 ’ im3 ’ im4 i ims i:,:
i
1 10.66810.211|0.500| —0.0036 —0.0071 0.630 1.62 1.12 | 1.74
2 —0.543 0.97 1.67
3 |0.488|0.174(0.450| —0.060 l —0.110 —0.048 | —0.061 | —0.121

[To(1) =1.22, Ty (1) =1.08, Ip(1)=1.87, ao=1,43]

The magnitude of the induced pressure on the surface of the cone
(p - p%)p and the thickness of the boundary layer are determined for

o= 0.725 and « = 1.4 from the formula
Lo (0.515 +8.3 M—zi; — 0.86 B’y o, 2 (4.2)
B”: —(034+55 — 107 ) Q) (4.3)
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In the equalities (4.2) and (4.3) the following designations have been

assumed:
O X _x—1 Uboot o F1
T M Bt 284* RIP,

w—1 . o (FoFi\ T _ UooPoe®
L= Mo <R ) Fi=rody P Foo

Here and in what follows i, and x are dimensional quantities, the
coefficients a, depend only on M_f, and are presented in Fig. 2. The
heat flow to the surface in dimensional quantities is equal to g = —
xug (r /0)(6i/ay)|n= o» from which there follows

_—TST—euls>n=o’ g1=¢q11+ G12 + G1s

The quantities 811 T1y €tc. are determined for the same o and x from
the formula

T _ [4_55 (Al_i;:o)er 3.86 M%lm + 0.222 ] 2 Q

0 oo

. A
= — —(0.085+1.35 —’2—) By
Tao

looMooz
ET lw
= (2.84m + 0.123) 2 Q (4.4)
i

%1 - [— 0.95 (f"ﬁ—f +3.27 4 + 0.207 J 0uQ

s _ (2,982 4 0.161) 0, Q
T — (2.98 o T O )%
The terms in (4.2) — (4.4) which contain 8,° are small and for M_ >> 1
irmaterial (in the formulas (4.4) these terms are omitted). This fact is
confirmation of the similarity law of the supersonic flow of a viscous

gas [ 2], in accordance with which similarity criteria there are the para-
meters

X MaBy (lw/ iMoo

The calculations showed that the equilibrium temperature of the sur-
face is practically independent of ¢ and remains equal to its value at
¢ = 0. The terms containing Ji1s Jy22 J31» J3, are negligibly small in
comparison to the others in the expressions for q,, and are omitted in
(4.4). From (4.4) it follows that 1 ,/r, ~ q,,/q,,~ B,"MP/*RI/8 «< 1
for R_< 10® and M _< 20. Consequently, the turbulence of the flow due to
the curvature of the shock wave does not show an appreciable effect on
the characteristics of the boundary layer.

From the formula (4.4) it follows than an increase in the boundary
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layer thickness for M_>> 1 leads to an increase in the frictional re-
sistance and, particularly important, to an increase in the heat flow to
the surface of the body,

It should be particularly noted that 743+ 43 have the same order of
magnitude as 744+ 9y1+ This means that on axi-symmetric bodies, in con-
trast to plates, the thickening of the boundary layer for M_>> 1 by it-
self irrespective of the rise in pressure due to the interaction leads
to an increase in the frictional resistance and the heat transfer. This
phenomenon can be shown to be important also in those cases in which the
effect of the boundary layer on the external flow will not play an im-
portant part, for instance, on the forward part of the lateral surface
of a blunt body.

08 //,/"

IRV

Iz

0

Fig. 2.

The limit of application of the obtained results can be estimated from
the condition y5/B8yx << 1. In order that one may neglect a quantity of
order €% it is sufficient, for instance, that ¢ = yB/BOx'( 1/7.

In this case for FO - Fl = 1 it must follow from (4.3) that

Ry > 010 Mo*, Bt vorr w3 00 (Uery, / Ba*p,)  for =0
R >2M B or o >10Uap, 'By'p,) for iy =i~ 017 M %

Such a procedure gives, generally speaking, the possibility of deter-
mining that distance from the nose x = x, at which one can then make use
of the approximate equations of the method of small perturbations, but
it has the defect inherent to all boundary layer theories that it does
not take into account the effect of downstream separation on the point
x = x, of either the exact solution or the approximate solution obtained
above.
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The limiting value ng = 0.98--10.999, assumed above, is to a certain
extent conditional and is chosen from the following considerations.

For M? = 1/&7Bn2 >> 1 the difference ig ~ 1 (o~ 1)(1- ns)/a,ﬁn
is of order unity for n5 = 0.987-0.99 and is close to zero for n5 > 0.999.
Consequently, for n € 0.98 the effect of viscosity is quite noticeable,
and for p > 0.999 it is negligibly small. On the other hand, because in
the main body of the boundary layer i — 1 >> 1, the boundary conditions
can be considered to be satisfied in the indicated range both for the
velocity and for the enthalpy.

We note that the magnitude of y5 is practically unchanged in the limits
15 = 0.98--0,999, which follows from a comparison of the functions h and
h
0

The method described may be applied also to blunt cones, if the degree
of the bluntness is not great. In this case at some distance from the
nose the field of flow, constructed without taking the boundary layer
into account, will differ slightly from the conical flow field and the
effect of this difference on the boundary layer can be taken into account
independently in the linear construction [ 10 ].

Appendix to Section 3.We will examine the equation

i+ (1 9) g, galyy + B o0 F (0) o =1
or in self-conjugate form

1—o

F
(g= ]m) + Gem’ go+1 Im =0 (1)

This equation has two linearly independent solutions jlm and j2m' such
that

m ™ (“— g"*)_s’nv i,n ~ gg (* gi)ﬁ’n_l as n— 1

We will prove that the solution which satisfies the condition j;(O): 0
can belong only to the type j, = j,* if 0< B, < 1.

Equation (1) reduces to the form:
. 7
@ B F 5—1
dt? = g2 Im = 8= d”?
* 0
For 7 < 1 a theorem of Chaplygin is applicable to this equation,
according to which j, < j, if B, > B, and j, = j,, j;" = j,” forn = 0.

For Bm = 1 equation (1) has the solution j, = éz. Using (1) we con-
struct the difference:

o e .. F
(&r im) To— @i ' = 18 G — fojm N (=B, ) o L —xylolm {2)
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Integrating (3) for j, “(0) = 0, we obtain
n
) . . . nF
g£1 a)(lmlo_Iolm)au—ﬁm)agég—_ﬂ—lo: /md"] (3)
0 *

If j, = J,,» then, as is easily seen, the left-hand side of (3)
vanishes as n » 1 like g*(—-g:)ﬁm_l, and the integral on the right con-
verges; therefore, the equality (3) is not possible. Consequently, jm =
jim: in this case the right-hand and left-hand sides of (3) are equal to

rd

0(—-3‘ Pr=1 gor 7 =~ 1. Hence the assertion of Section 3 is proved. The
functions j; for 0 = 0.725 are presented in Table 2:

TABLE 2,

n 0 0.20 0.40 0.60 0.70 0.80 0.90 0.95 0.97 0.99 1

1 10.996| 0.980 {0.943}0.910(0.864(0.790(0.725{0.684|0.616{
1 10.999| 0.992 0.959|0.927|0.884|0.817(0.762]0.715|0.648} ©
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